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It is evident that if an lies within any one of the curves considered, an is a pole of <£(&). Now when these interior poles condense in infinite number in the vicinity of any point of the curve, it must, of course, be a singularity of </>(#). Consider next any one of the points an which lies upon the boundary but is not a point of condensation of the interior poles, and let z approach this point along the normal. Describe a circle upon the line z — an as diameter. If z is sufficiently near to an, the circle will exclude every one of the points ai} excepting an which lies upon its boundary. Since also ^LAn is absolutely convergent, by increasing r the second component of <f>2(z) may be made less in absolute value than e/\z — an\m, in which € is an arbitrarily small prescribed quantity. If, then, H denotes the maximum of the first component of ^3(») as z now moves up to an, we have
Consequently,
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This shows that | <f>(z) \ increases indefinitely when z approaches any pole an of the mth order along a normal, and removes the possibility that the poles, because they are infinitely thick upon the curve, may so neutralize one another that the function can be carried analytically across the curve at an. As, moreover, we suppose the points an of order m to be everywhere dense upon the curve, it must be a natural boundary.
It is apparent now that the expression (6) continues the initial function <j>(z) across a natural boundary into other regions where it defines in similar manner other analytic functions with natural boundaries. But, it may be asked, is there any proper sense in which these analytic functions may be regarded as a continuation of one another? Just here Borel steps in and, after imposingthe reciprocal of the greatest modulus of any root of the auxiliary equation
